We study an effective field theory (EFT) describing the interaction of an approximate dilaton with a set of pseudo-Nambu-Goldstone bosons (pNGBs). The EFT is inspired by, and employed to analyse, recent results from lattice calculations that reveal the presence of a remarkably light singlet scalar particle. We adopt a simple form for the scalar potential for the EFT, which interpolates among earlier proposals. It describes departures from conformal symmetry, by the insertion of a single operator at leading order in the EFT. To fit the lattice results, the global internal symmetry is explicitly broken, producing a common mass for the pNGBs, as well as a further, additive deformation of the scalar potential. We discuss sub-leading corrections arising in the EFT from quantum loops. From lattice measurements of the scalar and pNGB masses and of the pNGB decay constant, we extract model parameter values, including those that characterise the scalar potential. The result includes the possibility that the conformal deformation is clearly nonmarginal. The extrapolated values for the decay constants and the scalar mass would then be not far below the current lattice-determined values.
Introduction
Lattice studies of SU (3) gauge theories with matter field content consisting of N f = 8 fundamental (Dirac) fermions [1] [2] [3] [4] [5] , as well as N f = 2 symmetric 2-index (Dirac) fermions (sextets) [6] [7] [8] [9] [10] , have reported evidence of the presence in the spectrum of a light scalar, singlet particle, at least in the accessible range of fermion masses. Motivated by the possibility that such a particle might be a dilaton, the scalar particle associated with the spontaneous breaking of scale invariance, in Refs. [11, 12] we analysed lattice data in terms of an effective field theory (EFT) framework that extends the field content of the chiral Lagrangian. It includes a dilaton field χ, together with the pseudo-Nambu-Goldstone-boson (pNGB) fields π, along the lines discussed also in Refs. [13] [14] [15] [16] and more generally in Refs. [17] [18] [19] [20] .
Dilaton EFTs (see Ref. [21] for a pedagogical introduction) are of general interest, reaching well beyond the study of SU (3) lattice gauge theories. The recently discovered Higgs particle [22, 23] might originate as a light dilaton in extensions of the standard model (SM) of particle physics. Suggestions in this direction can be found for example in Refs. [24] [25] [26] , and more recently these ideas have been revived in the context of compositeness and dynamical electroweak symmetry breaking (see for instance Refs. [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] ).
The Lagrangian density is comparatively simple. Besides the kinetic terms, it contains two other types of terms, responsible for explicit breaking of scale invariance: a scalar potential V (χ) for the dilaton field, and an additional operator that depends both on the pNGB and dilaton fields, which generates masses for the pNGBs. The latter must be included because the lattice formulation of the gauge theories of interest requires a mass term for the fermions, which explicitly breaks both scale invariance as well as chiral symmetry.
-1 -By studying the pNGB mass and decay constant as a function of the fermion mass, one can extract from the lattice data for the two nearly-conformal gauge theories information about the potential V (χ) and other dynamical quantities. An example is a certain parameter y, interpreted as the mass-dimension of the chiral condensate in the underlying theory in its strong-coupling regime [37] . In Ref. [11] we found, independently of V (χ), y ∼ 2, compatible with expectations from studies of strongly-coupled gauge theories near the edge of the conformal window [38] (see also Refs. [39] and [5] ). We also found the shape of the potential at large field excursions to be compatible with a simple power-law, V (χ) ∝ χ p with p close to 4 [12] . By combining this result with the lattice measurement of the scalar mass, we estimated the ratio of decay constants of the dilaton and the pNGBs, finding roughly f 2 π /f 2 d ∼ 0.1. For both of the two gauge theories, the dilaton EFT fared remarkably well when used at the tree-level.
In this paper, we address open questions facing the dilaton EFT framework, and further assess its potential as a tool in the interpretation of lattice data, here for the N f = 8, SU (3) gauge theory. To study extrapolation from the regime of lattice data to the limit of massless NGBs, we adopt a specific form for the scalar potential V (χ). In addition to the scale invariant term ∼ χ 4 , we include a single operator with generic scaling dimension to break the conformal symmetry [13, 17, 21] . We find that the lattice data allows for the conformal deformation to be clearly non-marginal.
We discuss sub-leading corrections arising from quantum loops (see also Refs. [19, 20, 40] ) and new operators within the EFT. We display the new operators that correct the potential in the extrapolated chiral limit, and that are generated in a loop expansion. We argue that all corrections to the dilaton EFT are parametrically suppressed in this limit, and lead to relatively small effects. At finite fermion mass, in the regime of the lattice data, we examine the class of loop corrections corresponding to distortions of the tree-level scalar potential, finding that they are small. Section 2 introduces the dilaton EFT. We display all the tree-level scaling relations used in the analysis of the lattice data. In Section 3 we perform a numerical global fit of the lattice data taken from Ref. [3] for the N f = 8, SU (3) gauge theory, determining the six independent parameters of the tree-level EFT. In Section 4 we discuss sub-leading corrections and estimate their size. We conclude by summarising and discussing our main findings in Section 5.
In Refs. [11, 12] we made use of conditions 1 through 3, with G = SU (N f ) L ×SU (N f ) R and H = SU (N f ) V . We studied an EFT in which the pNGB and dilaton particles are described by a set of fields π in the coset G/H and an additional real scalar field χ. The tree-level Lagrangian density is then the following [12] :
where the dynamics of the pNGBs is governed by
The matrix-valued field Σ = exp [2iπ/f π ] transforms as Σ → U L ΣU † R under the action of unitary transformations U L,R ∈ SU (N f ) L,R . It also satisfies the non-linear constraints ΣΣ † = 1 N f . The explicit breaking of the global internal symmetry is captured in the EFT by the term
where m 2 π ≡ 2B π m vanishes when the fermion mass of the underlying theory is set to zero (m → 0). An interpretation of y as the scaling dimension of the chiral condensate at strong coupling can be found for example in Ref. [37] .
The Lagrangian must contain an additional, explicit source of breaking of scale invariance, in the potential V (χ). In Refs. [11, 12] , we showed that one can in principle reconstruct the functional dependence of V (χ) indirectly, by studying the dependence on the fermion mass of appropriate combinations of the mass and decay constant of the pNGBs. To make further progress, we now commit to a specific class of potentials. We make use of condition 4, employing a single operator breaking the scale invariance of the potential.
We adopt the following choice of tree-level potential V (χ):
This potential, also discussed in Ref. [32] , contains two contributions. One is a scaleinvariant term (∝ χ 4 ) representing the corresponding operators in the underlying gauge theory. The other (∝ χ ∆ ) captures the leading-order effect of the scale deformation in the underlying theory. The normalisation of the two coefficients is such that the potential has a minimum at χ = f d > 0, with curvature m 2 d , corresponding to mass m d for the dilaton. In Section 3, we employ V ∆ (χ) to fit the lattice data, and then discus corrections to it in Section 4.
A key feature of the EFT is that the dilaton mass (the explicit breaking of scale symmetry) can be tuned as small as necessary with f d held fixed. In the limit, the space of VEVs becomes a moduli space, presumably reflecting the same feature of the underlying gauge theory. It has been suggested in Refs. [30] and [13] that the explicit breaking in the underlying theory, and also in the EFT as a consequence, can be made arbitrarily small by tuning the number of flavours N f arbitrarily close the the critical value N c f at which confinement gives way to IR conformality, with the emergence of fixed points generalising Refs. [41, 42] . This can be arranged by taking N f to be a continuous parameter or working in the large-N limit. The authors of Ref. [13] make extensive use of this plausible idea. We instead work only with the EFT, employing condition 1 as one of its principles.
We note finally that the form of V ∆ (χ) interpolates among several specific forms found in the literature. In Ref. [11] , we fitted the lattice data available then for the N f = 8 theory employing two forms of some historical interest. The choice ∆ = 2 gives the Higgs potential of the standard model (up to an inconsequential additive constant)
(2.5)
The choice ∆ → 4, corresponding to a marginal deformation of scale symmetry, leads to
Discussion of this form can be found in Refs. [25] and [43] . It is also considered in Ref. [17] . Another form [21] , illustrating the principles for building a dilaton potential, corresponds to the limiting case ∆ → 0.
Scaling relations
Here we summarise properties of the EFT and its predictions to be used to study the numerical lattice data. We draw on Refs. [11, 12] supplemented by explicit use of the potential V ∆ in Eq. (2.4). The mass deformation encoded in Eq. (2.3) contributes, in the vacuum π = 0, an additive term to V ∆ . The entire potential is
leading to a new minimum for χ which determines its vacuum value χ = F d > f d . Also, there is a new curvature at this minimum, determining the dilaton mass M 2 d .
-4 -By employing the value χ = F d in Eqs. (2.2) and (2.3), and properly normalising the pNGB kinetic term, the simple scaling relations for the pNGB decay constant and mass derived in Ref. [12] can be found. These relations, which are independent of the explicit form of the potential, are:
(2.9)
The ratio F d /f d , found by minimising the entire potential in Eq. (2.7), satisfies
The quantity m 2 π is in turn related to the fermion mass m in the underlying theory by m 2 π = 2B π m. The left-hand side of Eq. (2.10) is a monotonically increasing function of F d /f d for any value of ∆ (in the physical region F d > f d so long as y < 4), indicating that R is a useful measure of the deformation due to the fermion mass. Large values of R correspond to a large deformation, with F d displaced far from its chiral-limit f d . The EFT can be used for only a finite range of fermion mass such that the approximate scale invariance of the underlying gauge theory is maintained. The ratio M 2 d /m 2 d is given by
(2.12)
Eqs. (2.8)-(2.12) can be reorganised into three simple expressions that are more convenient for fitting lattice data. Measurements exist only for the quantities F 2 π , M 2 π and M 2 d , so we eliminate F 2 d from the expressions. First, the two scaling equations (2.8) and (2.9) can be combined to give
where C = 2B π f 2−y π is treated as a fit parameter. Also, it is convenient to combine Eqs. (2.10) and (2.12) with Eq. (2.9), so that the exponential dependence on the unknown fit parameter y is removed from these fit equations. We arrive at
and
(2.15) -5 -
Comparison to lattice data
We perform a global, six-parameter fit to lattice data, employing Eqs. (2.13)-(2.15). We use the four dimensionless parameters y, ∆, f 2 π /f 2 d , and m 2 d /f 2 d , along with the two parameters f 2 π and C, expressed in units of the lattice spacing a. The larger uncertainty in the measurement of M 2 d limits the precision achievable in extracting certain combinations of these six parameters from the global fit.
Lattice data for the SU (3) gauge theory with N f = 8 Dirac fermions in the fundamental representation are taken from the tables in Ref. [3] . The information we use is displayed in Fig. 1 . The error bars shown on the plots represent combined statistical and fit-range systematic uncertainties, but do not include any other systematics, such as lattice artefacts arising from discretisation and finite volume. We refer to the original publication for details.
There is no publicly available information about the correlation between M 2 π/d and F 2 π , and we therefore treat them as independent measurements.
Lattice data for the SU (3) gauge theory with N f = 8 Dirac fermions in the fundamental representation are taken from the tables in Ref. [3] . The information we use is displayed in Fig. 1 . The error bars shown on the plots represent combined statistical and fit-range systematic uncertainties, but do not include any other systematics, such as lattice artefacts arising from discretisation and finite volume. We refer to the original publication for technical details. There is no publicly available information about the correlation between M 2 ⇡/d and F 2 ⇡ , and we therefore treat them as independent measurements. The lattice spacing is denoted by a. For each value of the fermion mass m, we show the mass M d of the dilaton, the mass M ⇡ of the pNGBs and the decay constant F ⇡ of the pNGBs. The error bars encompass both statistical and fit-range systematic uncertainties, as presented in [3] .
Parameter Central value y 2.06 a 3 y C 6.9
3.5 Table 1 . Central values of (dimensionless) fit parameters obtained in the six-parameter fit of Eqs. (2.13)-(2.15) to the LSD data taken from [3] . The uncertainty on these determinations, and the associated correlations, are discussed in the main text and illustrated in Figs. 2, 3 and 4.
Our global fit leads to the set of parameter central values shown in Table 1 . There are 15 data points in total and 6 fit parameters, yielding N dof = 9. Evaluated at the minimum, we find 2 /N dof = 0.384. The corresponding value of the parameter combination A ⌘
The 2 distribution in some directions in the six parameter space is steeper than in others, and there are visible correlations. We Lattice data for the SU (3) gauge theory with N f = 8 Dirac fermions in the fundamental representation are taken from the tables in Ref. [3] . The information we use is displayed in Fig. 1 . The error bars shown on the plots represent combined statistical and fit-range systematic uncertainties, but do not include any other systematics, such as lattice artefacts arising from discretisation and finite volume. We refer to the original publication for technical details. There is no publicly available information about the correlation between M 2 ⇡/d and F 2 ⇡ , and we therefore treat them as independent measurements. Parameter Central value y 2.06 a 3 y C 6.9
3.5
75 Table 1 . Central values of (dimensionless) fit parameters obtained in the six-parameter fit of Eqs. (2.13)-(2.15) to the LSD data taken from [3] . The uncertainty on these determinations, and the associated correlations, are discussed in the main text and illustrated in Figs. 2, 3 and 4.
The 2 distribution in some directions in the six parameter space is steeper than in others, and there are visible correlations. We [3] . The lattice spacing is denoted by a. For each value of the fermion mass m, we show the mass M d of the dilaton, the mass M π of the pNGBs and the decay constant F π of the pNGBs. The error bars encompass both statistical and fit-range systematic uncertainties, as presented in Ref. [3] .
Our global fit leads to the set of parameter central values shown in Table 1 . There are 15 data points in total and 6 fit parameters, yielding N dof = 9. Evaluated at the minimum, we find χ 2 /N dof = 0.38. The χ 2 function used in our global fit was constructed by simply summing separate contributions from each of the three fit equations. This function is steeper in some directions in the six parameter space than in others, and there are visible correlations.
The χ 2 function is relatively steep in the y and C directions, and depends only mildly on the other parameters. We show in Fig. 2 the contour plot of the six-parameter global fit, as a function of y and C, optimising the choice of the remaining four parameters (by which we mean that we adjust them to minimize the χ 2 ). We find at the 1σ equivalent Parameter Central value y 2.06 Table 1 . Central values of (dimensionless) fit parameters obtained in the six-parameter fit of Eqs. (2.13)-(2.15) to the LSD data taken from Ref. [3] . The uncertainty on these determinations, and the associated correlations, are discussed in the main text and illustrated in Figs. 2, 3 and 4.
The 2 distribution is relatively steep in the y and C directions, and depends only mildly on the other parameters. We show in Fig. 2 the contour plot of the six-parameter global fit, as a function of y and C, marginalised over the remaining four parameters (by which we mean that we adjust them to globally minimise the 2 ). We find (at the 68.27% c.l., corresponding to 1 for a Gaussian distribution)
with a corresponding value for C given by a 3 y C = 6.9 ± 1.1. Notice in the plot the high level of correlation between these two determinations.
The parameters y and C characterise the response of the EFT to a non-zero fermion mass in the underlying theory, and can be determined by fitting Eq. (2.13) alone to the (relatively accurate) lattice data for F 2 ⇡ and M 2 ⇡ . This was done in Refs. [11, 12] , making use of earlier LSD measurements. Our global fit leads to consistent results. We repeated the exercise of performing the two-parameter fit of y and C only on the updated LSD measurements, and found that the central values of the fit are unaffected, but in this case 2 /N dof = 0.26. This small value raises moderate concerns about possible correlations between the measured values of F ⇡ and M ⇡ , and we return to this observation later.
The ratio f 2 ⇡ /f 2 d is also relatively insensitive to the details of the potential, and in particular of , but draws heavily on the measurements of M 2 d , and is hence affected by large uncertainties. By making use of the improved new LSD measurements we find confidence level that
with a corresponding value for C given by a 3−y C = 6.9 ± 1.1. Notice in the plot the high level of correlation between these two determinations.
The parameters y and C characterise the response of the EFT to a non-zero fermion mass in the underlying theory, and can be determined by fitting Eq. (2.13) alone to the (relatively accurate) lattice data for F 2 π and M 2 π . This was done in Refs. [11, 12] , making use of earlier LSD measurements. Our six-parameter global fit leads to consistent results. We also repeat the exercise of performing the two-parameter fit of y and C on the updated LSD measurements, and find that the central values of the fit are unaffected, but in this case χ 2 /N dof = 0.26. In making the plot, we marginalised over the remaining five fit parameters.
2 curve rises rapidly above ⇠ 4.25, disfavouring values for that are much larger. The result of the analysis is that (at the 68.27% c.l.) we can only establish that the deformation corresponding to is either relevant or close to marginal, with
but excluding irrelevant deformations with > ⇠ 4.3. The weakness of the constraint on has to be interpreted with caution: the value of the 2 at its global minimum is rather small, which might indicate that either the uncertainties on the input measurements are over-conservative, or that the correlations are important, or possibly both. For example, a trivial multiplicative rescaling of the global 2 to adjust 2 /N dof = 1 at the minimum would result in restricting the allowed range to 1.6 < ⇠ < ⇠ 4.25. Because we are taking the errors from the literature and have no control over them, and furthermore because no systematic study of the correlation between different measurements has been performed, we retain our conservative result in (3.3) as our best estimate of . It would be interesting to know whether this uncertainty can be reduced by a dedicated study of the lattice measurements. Fig. 4 shows the 68.27% c.l. ranges for a 2 f 2 ⇡ and m 2 d /f 2 d , as a function of . The figure illustrates how the two are correlated with . In particular, it shows that if a preferred value of could be identified, somehow lifting the degeneracy of the 2 along the direction, then a 2 f 2 ⇡ and m 2 d /f 2 d would be determined with good precision. The correlation between a 2 f 2 ⇡ and is particularly informative. The measured values of a 2 F 2 ⇡ vary from up to 3 ⇥ 10 3 for the largest fermion masses studied by the LSD -9 - The ratio f 2 π /f 2 d is also relatively insensitive to the details of the potential, in particular to ∆, but draws heavily on the measurements of M 2 d , and is hence affected by larger uncertainties. By making use of the improved new LSD measurements we find This determination is consistent with the result in Ref. [12] , but with improved precision. An exploration of the χ 2 distribution in the full six-dimensional parameter space reveals that it is relatively flat in the ∆ direction below ∆ ∼ 4.25. In Fig. 3 , we show the result of this exploration restricted to a cut in which the other five parameters are chosen to minimise χ 2 for each value of ∆. The curve evolves rapidly only above ∆ ∼ 4.25, strongly disfavoring larger values. Within the six-dimensional space, a 1σ determination imposes the restriction
global min < 7.04 [44] . In our case, this leads to the limit χ 2 10.4, shown as the grey dashed line in the figure. This establishes the allowed range for ∆ to be
This range includes values of ∆ slightly above 4, corresponding to a "role-reversal" of the two terms in V ∆ . The weakness of the constraint on ∆ has to be interpreted with caution: the value of the χ 2 at its global minimum is rather small, which might indicate that either the uncertainties on the input measurements are over-conservative, or that the correlations are important, or possibly both. For example, a trivial multiplicative rescaling of the global χ 2 to adjust χ 2 /N dof = 1 at the minimum would result in restricting the allowed range collaboration, down to 4 ⇥ 10 4 for the smallest ones. The chiral extrapolation of the value of a 2 f 2 ⇡ is close to this range for the smallest allowed values of , but becomes much lower as approaches 4. For near its global-minimum value 3.5, a 2 f 2 ⇡ is one order of magnitude below currently measured values of a 2 F 2 ⇡ . If future improved studies confirm that lies in this range, it might pose a significant challenge for numerical exploration of the near-massless regime. Yet, with current precision we cannot exclude values of small enough to allow improved lattice studies to reach this physically interesting regime. This observation strongly motivates the approach of this study, which does not restrict the deformation from conformality to be described by a near-marginal operator in the EFT.
The quantity m 2 d /f 2 d is also strongly correlated with . Its central value is m 2 d /f 2 d ' 0.75, and lies in the range 0 < ⇠ m 2 d /f 2 d < ⇠ 5.9, throughout the whole allowed range of . Besides being an important observable, in the limit m 2 ⇡ ! 0 this ratio controls the selfcoupling of the dilaton, which is relatively weak as long as the dilaton is relatively light.
To summarise, the six-parameter global fit yields a low value of the 2 /N dof at the minimum, hence validating the form of the EFT we employed. The extraction of the parameters y, C and f 2 ⇡ /f 2 d , depends only weakly on the choice of potential. Our global fit makes use of updated lattice measurements, and is compatible with earlier determinations [11, 12] . We obtained a first measurement of , for which a broad range of values 0.1 < ⇠ < ⇠ 4.3 is allowed. The determination of the remaining two parameters is potentially more accurate, but a 2 f 2 ⇡ and -10 - collaboration, down to 4 ⇥ 10 4 for the smallest ones. The chiral extrapolation of the value of a 2 f 2 ⇡ is close to this range for the smallest allowed values of , but becomes much lower as approaches 4. For near its global-minimum value 3.5, a 2 f 2 ⇡ is one order of magnitude below currently measured values of a 2 F 2 ⇡ . If future improved studies confirm that lies in this range, it might pose a significant challenge for numerical exploration of the near-massless regime. Yet, with current precision we cannot exclude values of small enough to allow improved lattice studies to reach this physically interesting regime. This observation strongly motivates the approach of this study, which does not restrict the deformation from conformality to be described by a near-marginal operator in the EFT.
To summarise, the six-parameter global fit yields a low value of the 2 /N dof at the minimum, hence validating the form of the EFT we employed. The extraction of the parameters y, C and f 2 ⇡ /f 2 d , depends only weakly on the choice of potential. Our global fit makes use of updated lattice measurements, and is compatible with earlier determinations [11, 12] . We obtained a first measurement of , for which a broad range of values 0.1 < ⇠ < ⇠ 4.3 is allowed. The determination of the remaining two parameters is potentially more accurate, but a 2 f 2 ⇡ and
are strongly correlated with . Improved measurements, especially of the mass of the scalar M 2 d , combined with a dedicated study of correlations within lattice measurements, might resolve the degeneracies and identify the boundary of the low-mass regime, for which F 2 ⇡ ' f 2 ⇡ and for which M 2 ⇡ ⌧ M 2 d .
-10 - 
Because we are taking the errors from the literature, and because no systematic study of the correlation between different measurements has been reported, we maintain our conservative result in Eq. (3.3) as our best estimate of ∆.
The left panel in Fig. 4 is obtained by selecting values of ∆ and a 2 f 2 π , setting the remaining four parameters to minimise χ 2 , and then shading green the corresponding points on the plot that satisfy ∆χ 2 < 7.04. In the right panel, we do the same, but for values of ∆ and m 2 d /f 2 d . In this way, we indicate the extent of the six-dimensional joint 1σ confidence region in the a 2 f 2 π , m 2 d /f 2 d and ∆ directions. The figure illustrates that the favored ranges for a 2 f 2 π and m 2 d /f 2 d are correlated with ∆. It also shows that if a preferred value of ∆ was identified, lifting the degeneracy of the χ 2 along the ∆ direction, then a 2 f 2 π and m 2 d /f 2 d would be determined with good precision. The correlation between a 2 f 2 π and ∆ is particularly informative. The measured values of a 2 F 2 π vary from up to 3 × 10 −3 for the largest fermion masses studied by the LSD collaboration, down to 4 × 10 −4 for the smallest ones. Its chiral extrapolation a 2 f 2 π is close to this range for the smallest allowed values of ∆, but becomes much lower as ∆ approaches 4. For ∆ near its global-minimum value 3.5, a 2 f 2 π is one order of magnitude below currently measured values of a 2 F 2 π . If future improved studies confirm that ∆ lies in this range, it could pose a challenge for numerical exploration of the near-massless regime. Yet, with current precision we cannot exclude values of ∆ small enough to allow improved lattice studies to reach this physically interesting regime.
The quantity m 2 d /f 2 d is also strongly correlated with ∆. Its central value is m 2 d /f 2 d 0.75, and lies in the range 0 < ∼ m 2 d /f 2 d < ∼ 5.2, throughout the entire allowed domain of ∆. This shows that the self-coupling of the dilaton in the chiral limit m 2 π → 0 is relatively weak.
-9 -To summarise, the six-parameter global fit yields a low value of the χ 2 /N dof at the minimum, validating the form of the EFT we employed. The extraction of the parameters y, C and f 2 π /f 2 d , depends only weakly on the choice of potential. Our global fit makes use of updated lattice measurements, and is compatible with earlier determinations [11, 12] . We obtained a first measurement of ∆, for which a broad range of values 0.1 < ∼ ∆ < ∼ 4.25 is allowed. The determination of the remaining two parameters is potentially more accurate, but a 2 f 2 π and m 2 d /f 2 d are strongly correlated with ∆. Improved measurements, especially of the mass of the scalar M 2 d , combined with a dedicated study of correlations within lattice measurements, might resolve the degeneracies and identify the boundary of the chiral regime, for which F 2 π f 2 π and M 2 π M 2 d .
Beyond leading order
In this section we discuss the form and magnitude of corrections to the EFT employed so far. We provide estimates for the natural sizes of the coefficients controlling additional contributions to the effective Lagrangian by examining quantum loops in the EFT. We first consider the EFT in the chiral limit m = 0. This limit, with its massless NGBs, can be of direct physical interest for the description of physics beyond the standard model. Also, it allows for an EFT description of broken scale invariance employing potential V ∆ and its corrections, without the additional complication of explicitly broken chiral symmetry. We then extend the discussion to incorporate effects arising when m > 0, and consider corrections that may affect our fits to the lattice data.
The EFT in the chiral limit
The Lagrangian in the limit m = 0 includes a kinetic term for the dilaton field χ, together with L π in Eq. (2.2) and the potential V ∆ in Eq. (2.4). The principles for its construction, listed in Section 2, lead to a form for V ∆ that includes a single scale-violating term with scaling dimension ∆, which is smooth in the limit ∆ → 4. For any allowed ∆, the fits of Section 3 show that the potential is weak with a relatively light dilaton.
To include corrections to this EFT, we first note that the departure from scale invariance in V ∆ is described by the insertion of the quantity proportional to
Corrections to V can then be described by successively higher powers of
Since V ∆ is smooth in the limit ∆ → 4, the tower of corrections can be organised to make the smoothness evident. A convenient form for this series is 1
where a n are unknown coefficients, and where we arrange for the first derivative of each correction term to vanish at χ = f d .
To interpret Eq. (4.1) and to estimate the natural size of the a n coefficients, it is helpful to develop the EFT in a perturbation expansion, adopting the background field method along the lines of Ref. [47] and employing dimensional regularisation. This implements the prominent role played by scale invariance, retaining only logarithmic cutoff dependence and finite parts, disregarding (defining away) power-law cutoff dependence. Both the scalar and the NGBs can propagate in the loops, although the massless NGBs then make no direct contribution to the potential. For the quantity δV (χ) correcting any initial form for V (χ), we find
We have replaced the pole term 2/ in dimensional regularisation with log(Λ 2 ) where Λ is a momentum-space cutoff. Here, c is a scheme-dependent constant, while M 2 ≡ ∂ 2 ∂χ 2 V (χ). We start by truncating V = V ∆ at the tree level. The logarithmically cutoff dependent part of the one-loop effective potential is then
where µ is a typical scale characterising the EFT, such as f d . The expression in δV (1) can be rearranged into corrections to the terms appearing in V ∆ , supplemented by the n = 2 term in Eq. (4.1). With Λ no larger than, say, 4πf π , we can sensibly take the factor log Λ 2 /µ 2 to be O(1). This then leads to the estimate a 2 ∼ O (∆ − 1) 2 /64π 2 . The scalar-loop expansion of the effective potential can be extended to higher orders, and the logarithmically cutoff dependent contributions at each order can be iteratively organised into the form of Eq. (4.1). This series contains all the zero-derivative operators required for renormalisation of the potential. Each of the a n coefficients can be estimated in this way. For all n > 1, we find that a n ∼ 1/(4(4π 2 )) n−1 , with powers of ∆−1 appearing in each numerator factor. Similarly, positive powers of ∆ − 2 appear in each a n for n > 2 and positive powers of ∆ − 3 appear in each a n for n > 4. Thus, as expected, for integral values ∆ = 1, 2, 3 the scalar-loop expansion generates only a finite number of such terms.
The estimate a n ∼ 1/(4(4π) 2 ) n−1 for n ≥ 2 signals that each such term in Eq. (4.1) becomes sequentially smaller with χ = O(f d ). We note however that this relative decrease is not a feature of the n = 0 and n = 1 entries in this series. These are the χ 4 and χ ∆ terms in V ∆ . The former does not break scale invariance explicitly, and hence symmetry arguments do not constrain the size of its coefficient. Since together they determine the potential minimum to be at χ = f d > 0, they are the same order of magnitude for χ = O(f d ). This common magnitude can be arbitrarily small depending upon the size of m 2 d /f 2 d . The identification of logarithmic cutoff dependence in the loop expansion leads to additional terms in the effective action, organised in increasing numbers of derivatives. They take their place alongside terms with increasing powers of m 2 d /(4πf d ) 2 , already present in the static potential. The higher derivatives correspond to corrections in momentum space with increasing powers of p 2 /(4πf π ) 2 and p 2 /(4πf d ) 2 , where p is a characteristic momentum. With p 2 ≤ m 2 d , the corrections can be small depending on the pNGB counting factor that enters these terms. To estimate orders of magnitude, we discuss here only operators that can arise at the one-loop level. At the end of this subsection, we comment briefly on the more extensive cataloging of higher derivative operators.
Consider first the single-dilaton loop diagram using V ∆ once and the interaction in Eq. (2.2) once. Its logarithmically-cutoff-dependent contribution to the effective Lagrangian is
As in the case of the chiral-limit theory of Section 4.1, pNGB loops induce derivative operators as well as corrections to the static potential. These again include pNGB counting factors and lead to various momentum-dependent effects. We have not yet computed all these corrections to the EFT, to be included along with corrections to the static potential in the fits to the lattice data for M 2 π , F 2 π , and M 2 d . In Ref. [12] , we provided order-ofmagnitude estimates of these effects, concluding that some could be relatively large for the N f = 8 theory. However, as shown above, the contributions to these quantities arising from the distortion of the static potential are quite small. Also, as shown in Section 4.1, derivative-operator corrections are generally small in the chiral limit. These observations and the fact that the tree-level EFT provides an excellent fit to the lattice data, suggests that all loop corrections are small in the regime of the lattice data.
While this paper was being completed the aforementioned Ref. [48] became available. It discusses the same tree-level Lagrangian, and contains a study of the structure, but not the numerical size, of one-loop effects, focusing on derivative operators rather than the scalar potential.
Summary and conclusions
We have developed and explored an EFT describing the coupling of an approximate dilaton to a set of pseudo-Nambu-Goldstone bosons (pNGBs) originating from the spontaneous breaking of a global symmetry. We employed a tree-level scalar potential V ∆ in Eq. (2.4), including one operator of dimension ∆ responsible for the breaking of scale invariance. The parameter ∆ is a priori unknown. The tree-level potential is the first term in a series of operators of size estimated by studying the loop expansion of the EFT. The pNGBs are given a mass via a chiral-symmetry breaking operator of dimension y which further breaks the scale symmetry. The parameter y is also unknown a priori.
We first examined the EFT at the tree level, establishing certain scaling relations expressing lattice-measurable quantities in terms of its six free parameters. We applied these relations to the currently available lattice data for the scalar and pNGB masses M 2 d and M 2 π and the pNGB decay constant F 2 π obtained by the LSD collaboration for an SU (3) gauge theory with N f = 8 fermions in the fundamental representation. We performed a maximum likelihood analysis validating the EFT interpretation of the lattice data. The parameter y was confirmed to lie close to 2, with y = 2.06 ± 0.05, consistent with earlier determinations. We also obtained a first determination of the scaling dimension ∆, finding that it can lie in a fairly broad range 0.1 ∆ 4.25. Fig. 4 illustrates the high level of correlation between ∆ and the determination of other parameters.
We estimated the typical size of effects due to new operators generated from cutoffdependent loop diagrams within the EFT. Small symmetry breaking parameters appear in all such terms, but in the case of pNGB loops there are counting factors that can be large in the N f = 8 theory [12] . For the EFT in the chiral limit, however, we concluded that with the parameter values emerging from fits to the lattice data, corrections to the tree-level EFT can be well under control. We commented briefly on the general form of all such corrections. It would be interesting to perform our analysis on the data of the SU (3) theory with N f = 2 sextets [6] [7] [8] [9] [10] . We also showed that loop corrections to the dilaton potential due to the finite pNGB mass yield counting factors of N 2 f − 1 that are accompanied by powers of y − 2. The fit to lattice data indicates that y − 2 1, and hence these effects are negligible.
An important result of this paper is that with the present level of precision in the lattice measurements and the absence of a reported study of correlations, the empirical evidence allows for the breaking of scale invariance in the chiral limit to be clearly non-marginal. Within the EFT, ∆ is allowed to take values well below 4. As a consequence, the allowed value of f 2 π ranges over more than an order of magnitude. If ∆ is small, lattice calculations could soon reach the chiral regime, where the mass of dilaton would approach some finite value. At the extremum, this could be achievable by reducing the value of the fermion mass m by only a factor of 2 − 3 with respect to the smallest values already available in Ref. [3] .
